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ABSTRACT
The generalized gravitational entropy proposed in recent by Lewkowycz and Maldacena [1]
is extended to the systems of Boson fields, Fermion fields and Maxwell fields which have
arbitrary frequency and mode numbers on the BTZ spacetime. We find the associated reg-
ular wave solution in each case and use it to calculate the exact gravitational entropy. The
results show that there is a threshold frequency below which the Fermion fields could not
contribute the generalized gravitational entropy. Also, the static and zero-mode solutions
have no entropy, contrast to that in scalar fields. We also find that the entropy of the static
scalar fields and non-static fermions is an increasing function of mode numbers and, after
arriving the maximum entropy, it becomes a deceasing function approaching to a constant
value. We calculate the gravitational entropy of Maxwell fields and use the duality between
EM and scalar fields to explain its result. The gravitational entropy from DBI action is also
studied.
*E-mail: whhwung@mail.ncku.edu.tw
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1 Introduction
According to the Gibbons and Hawking method [2] the thermodynamics of black holes is
studied by the Euclidean partition function with periodic field φ(τ) = φ(τ + β).
Z =
∫
Dgµν
∫
Dφ e−Wgravity(g)−Wmatter(g,φ)
=
∫
Dgµν e
−Wgravity(g) [e−WM (g)]
= e−[Wg+WM ] (1.1)
1
The general thermal entropy is then calculated by [3]
Sthermal = −(β∂β − 1) logZ(β)
= (β∂β − 1)(Wg) + (β∂β − 1)(WM )
= Sg + SM (1.2)
Therefore, the back hole total thermal entropy contains two terms. The first term is from
gravity and called as the Hawking area term. The second term is the quantum correction
part which is from the quantized matter field and can be called as the entanglement entropy
[4,5,6,7]. The entanglement entropy constitutes only a (quantum) part of the thermodynam-
ical entropy of the black hole, which is logarithmic divergent [3,8,9].
It shall be noticed that in above relation the metric gµν is a solution to the saddle-point
equation
δ(Wg +WM )
δgµν
= 0 (1.3)
In the standard investigations the metric gµν is fixed and WM (g) could be calculated in many
approaches [10,11]. In other word, the back-reaction effect on the spacetime is neglected.
In recent Lewkowycz and Maldacena [1] proposed the generalization of the usual black
hole entropy formula [2,3,4] to Euclidean solutions without a Killing vector. The model
spacetime they considered is
ds2 =
du2
n−2 + u2
+ u2dτ2 + (n−2 + u2)dθ2 (1.4)
and the associated gravitational entropy of complex scalar field is calculated exactly through
the formula
S = −n∂n
[
logZ(n)− n logZ(1)
]
n=1
(1.5)
in which Z(n) is the on-shell Euclidean partition function.
On other hand, the 3D BTZ black hole geometry is described by [12,13]
ds2 = (r2 − µ)dt2 + dr
2
r2 − µ + r
2dθ2 (1.6)
The associated black hole temperature is T = β−1 with
β =
2pi√
µ
(1.7)
After defining u2 = r2 − µ the BTZ geometry can also be transformed to
ds2 = u2dt2 +
du2
u2 +m2
+ (u2 +m2)dθ2 (1.8)
2
in which we replace µ, which is mass of BTZ black hole, by m2 to save the expression in
below. Above geometry is similar to that used in [1] after replacing m2 → n−2, in which
the associated generalized gravitational entropy is calculated from the on-shell action Z[n],
which tells us the back-reaction effect of classical field on the BTZ black hole [1].
In this paper we will continue the previous investigations [1,14], which studied only Bo-
son fields and Maxwell fields, to the Fermion fields. Especially, the fields consider in this
paper will have arbitrary frequency and mode numbers on the BTZ spacetime. We will find
the associated regular wave solution in each case and use it to calculate the exact gravita-
tional entropy. The results are used to discuss how the generalized gravitational entropy is
dependent of frequency and mode numbers.
The generalized gravitational entropy is known to correspond to the correction of area
law as shown in [1] and we derive it more detail in section 2. In section 3 we first present
the new, general scalar-field gravitational entropy in Eq.(3.7) which reduces to the solutions
in [1,14] in special limit. In section 4 we exactly solve the Fermion fields equation on BTZ
spacetime [15,16,17] to find the most general regular solution which has arbitrary values of
mode numbers and frequency. We use the solution to calculate the exact gravitational entropy
in Eq.(4.21) and analyze its dependence on the mode numbers. We see that the the static
and zero-mode solutions have no entropy. We also found that the entropy of the non-static
fermions is an increasing function of mode numbers and, after it arrive a maximum entropy
it becomes a deceasing function and is derived to the asymptotic value.
Section 5 turns to the case of Maxwell field. We present the gravitational entropy in
Eq.(5.9) and Eq.(5.15) which reduce to the solutions in [14] in special limit. We show that
the entropy is same in Lorentz and Coulomb gauge. We also use the duality between EM and
scalar fields to explain the similarity of gravitational entropy between them. The problem
of normalization of Maxwell field is discussed. In section 6 we consider the DBI action [18]
on the BTZ spacetime and find the gravitational entropy in Eq.(6.8). We explicitly check
that the classical solution which gives the black hole entropy precisely corrects the black hole
area law in this case. Last section is devoted to a short summary. We present an appendix
to quickly solve the fermion fields equation on BTZ spacetime by the conformal transformal
transformation [19,20,21], which is used to check the simplest solution we found in section 4.
Study of quantum fermion field on BTZ black hole can be found in [3,22,23,24] for example.
2 Classical Solution and Area Law
We first follow the paper [1] to prove that the classical solution of Einstein equation gives
the correction of horizon area in the real black hole spacetime. While the original proof in
[1] used the coordinate (t, u, φ) in Eq(1.4) we will in here adopt the black hole coordinate
(t, r, φ). As the metric in the coordinate Eq(1.6) explicitly shows the black mass µ we can
easily see the temperature in our proof.
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Consider the matter field Lagrangian L(gµν ,Φ,∇µΦ) on Euclidean spacetime with t =
t + β. Its thermal entropy (It is called as generalized gravitational entropy in [1]) can be
calculated by
ST = −β∂β
[
logZmatter
]
+ logZmatter
= −β∂β
[ ∫
dt
∫
d~x
√
gLmatter
]
+
(∫
dt
∫
d~x
√
gLmatter
)
= −β2∂β
[ ∫
d~x
√
gLmatter
]
= −β2
[ ∫
d~x
(∂√gLmatter
∂gµν
∂gµν
∂β
+
δ
√
gLmatter
δΦ
δ(∂βΦ)
)
= − β
16piG
∫
dt d~x
√
g Gµν
∂gµν
∂β
(2.1)
in which we have used matte field equation
δ
√
gLmatter
δΦ = 0 and Einstein field equation
Gµν = 8piGTµν .
To proceed, we also follow [1] to prove that above result is just the area of the horizon.
As we consider the system on fixed metric, the probe classical matter scalar field is small,
say φ ∼ η, then the metric will get correction O(η2). Thus the gravitational part of the
action has not term of order η2 and ∂β derivative of the gravitational part vanishes at order
η2. Thus
∂β[logZ
Grav] = 0 =
∫
dt d~x
√
gGµν
∂gµν
∂β
−
∫
dt d~y
√
g∇µ∂βgµr (2.2)
in which d~y is d~x while removes the radius coordinate dr. Thus∫
dt d~x
√
gGµν
∂gµν
∂β
=
∫
dt d~y
√
g∇µ∂βgµr|r=rH (2.3)
The right integration gives the surface integration, i.e, the area of the horizon, AH, or more
precisely the area of the horizon at order η2. To see this property, let us consider the following
black hole spacetime with horizon radius rH at which C(rH) = 0
ds2 = −C(r)dt2 + dr
2
C(r)
+ · · · (2.4)
in which “···” does not contain coordinate dt and dr. Above black hole has inverse temperature
β with
C ′(rH) = 4piβ−1 (2.5)
4
and ∫
dt d~y
√
g∇µ∂βgµr|r=rH =
∫
dt d~y
√
g ∂β(4piβ
−1)
= −4piβ−1
∫
d~y
√
g~y
= −4piβ−1 AH (2.6)
Comparing to the original paper [1] our general formula shows the explicity factor 4piβ−1.
Therefore
ST =
1
4G
AH (2.7)
These complete our proof.
3 Scalar Field on BTZ Spacetime
The action of scalar field we will consider can be described by
AΦ =
∫
d3
√
g gab∂aΦ
∗∂bΦ =
∫
d3∂a[
√
g gabΦ∗∂bΦ]−
∫
d3 Φ∗∂a[
√
g gab∂bΦ] (3.1)
The first bracket is the surface term and will contribute to the no-shell gravitational action
which is considered later. After the variation the second bracket gives the scalar field equation.
We extend the ansatz in [1] and adopt the following general solution
Φ(τ, u, θ) = ηeiωτ einθfω,n(u) (3.2)
While the original investigation is to let mode number n = 0 and frequency ω = 1 we keep
them as two arbitrary values in order to see how the gravitational entropy will depend on.
The associated differential equation of fω,n(r) becomes
u(u2 +m2)
(
u(u2 +m2)f ′′ω,n(u) + (u
2 + 3m2)f ′ω,n(u)
)
− (n2u2 + (u2 +m2)ω2)fω,n(u) = 0
(3.3)
There are two independent solutions and one of them is a regular solution which is finite on
horizon u = 0. After normalized it by the condition fω,n(∞) = 1 as that in [1] we find
fω,n(u) = u
ω
m (u2 +m2)
in
2mm
−in−ω
m Γ
(
1 +
ω − in
2m
)
Γ
(
1 +
ω + in
2m
)
× 2F˜1
( in+ ω
2m
, 1 +
in+ ω
2m
, 1 +
ω
m
,− u
2
m2
)
(3.4)
Note that the action, as we analyze before, has two parts. The second bracket become zero
after put the field on-shell and it remains only the first bracket which is the surface term.
Thus the classical on-shell action becomes (hereafter we let η = 1)
AΦon−shell =
∫
d3x∂a[
√
g gabΦ∗∂bΦ] = 2piβ
(√
g guufω,n(u)∂ufω,n(u)
)
u→∞
(3.5)
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After substituting the exact solution of fω,n(u) we find that
logZΦ(β) = AΦon−shell = −piβ
(4inpi
β
+ γ[n2 + ω2] + (n2 + ω2)
(
H
[β(in+ ω)
4pi
]
−2 ln(u) + 2 ln
(2pi
β
)
+ ψ(0)
[β(−in+ ω)
4pi
]))
+O
(1
u
)
(3.6)
in which γ(x) is the EulerGamma function, ψ(k)(x) is the PolyGamma function and H is the
HarmonicNumber. The terms linear in β include divergent terms that should be subtracted
[1]. However, they do not contribute to the entropy. The associated generalized gravitational
entropy then becomes
SΦ(m,n, ω) = m−2pi2
(
4m(imn+ n2 + ω2) + (n+ iω)2(in+ ω)ψ(1)
[−in+ ω
2m
]
+(n− iω)2(−in+ ω)ψ(1)
[
1 +
in+ ω
2m
])
(3.7)
Let us now analyze the behaves of above generalized gravitational entropy :
3.1 Zero-Model Scalar Field Solution
For the zero mode solution, n = 0, above result gives
SΦ(m, 0, ω) =
2pi2ω
m2
(
2m(m+ ω)− ω2ψ(1)
[ ω
2m
])
(3.8)
and
SΦ(1, 0, 1) = pi2(8− pi2) (3.9)
which is consistent with [1] after replacing Lx in there by 2pi. Note that the zero-model scalar
field entropy is always negative and is a deceasing function of ω. We plot it in figure 1.
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Figure 1: Dependence of generalized gravitational entropy of static scalar field solution on the
frequency ω.
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3.2 Static Scalar Field Solution
For the case of static solution, ω = 0, we find
SΦ(m,n, 0) = m−2pi2
(
4m(imn+ n2) + in3ψ(1)
[−in
2m
]
− in3ψ(1)
[
1 +
in
2m
])
(3.10)
≈

4pi2n2
m +O
(
n4
)
8pi2m
3 +
32pi2m3
15n2
+O
(
n−2
) (3.11)
which shows that the zero mode of static solution has not generalized gravitational entropy
and the entropy approaches to 8mpi
2
3 asymptotically. The positive coefficient
32pi2m3
15n2
in large
n expansion shows that there exists a maximum entropy in static solution. For clear, in
figure 2 we plot the the entropy of static scalar field solution v.s. mode number n. It shows
that the entropy is an increasing function of mode number n for small n and, after arriving
a maximum entropy it becomes a deceasing function and is derived to the asymptotic value.
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Figure 2: Dependence of generalized gravitational entropy of static scalar field solution on the
mode number n.
3.3 Non-static Scalar Field Solution
Consider the case of non-static scalar field solution with ω 6= 0. Then
SΦ(m,n, ω) ≈

2pi2ω
(
(2 + ωm)− ω
2
m2
ψ(1)
(
ω
2m
))
+O
(
n2
)
8mpi2
3 +
16pi2m(2m2−5ω2)
15n2
+O
(
n−3
) (3.12)
Notice that the entropy expanded in small mode number is always negative, i.e. (2 + ωm) −
ω2
m2
ψ(1)
(
ω
2m
)
< 0, while entropy expanded in large mode number is always positive, i.e.
8mpi2
3 > 0 . Thus, it seems that there has a special value of n which give zero entropy. In
fact, this is not the case, because that the mode number n is an integral and we cannot
conclude that there exist a special mode which give zero entropy. It is interesting to see that
7
the generalized gravitational entropy is negative for small n and it becomes the positive value
8mpi2
3 for the solution of sufficient large mode number.
In figure 3 we plot the the entropy of non-static scalar field solution with ω = 1 and m = 1
to explicitly see above properties.
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Figure 3: Dependence of generalized gravitational entropy of non-static scalar field solution
on the mode number n.
4 Fermion Field on BTZ Spacetime
The action of Fermion field we will consider can be described by [15,16,17]
AΨ = −
∫
d3x
√
g
[1
2
Ψ¯γµ(
→
Dµ −
←
Dµ)Ψ
]
−
∫
d3x∂µ[
√
g Ψ¯γµΨ] (4.1)
The first term is the bulk action which does not provide a full description of the dynamics. The
problem lies with the terms which arise after integrating by parts, which are evaluated on the
boundary [16,17]. The second term is the corresponding surface action which will contribute
to the on-shell gravitational action and is considered later. The covariant derivative Dµ is
defined by
Dµ = ∂µ +
1
4
ωabµΓ
ab (4.2)
To find its value we first note that the tetrad formulism on the background (1.5) is described
by
e0 = udτ, e1 =
√
u2 +m2 dθ, e2 =
1√
u2 +m2
du (4.3)
After choosing 1
γ˜0 = σz, γ˜1 = σx, γ˜2 = σy (4.4)
1We are considering the Euclidean spacetime and {γ˜a, γ˜b} = 2ηab = 2(1, 1, 1).
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the matrix Γab =
1
2{γ˜a, γ˜a} is
Γ01 = iσy, Γ02 = −iσx,Γ12 = iσz (4.5)
and the generalized Dirac matrices define by γµ = e
a
µγ˜a become
γτ = uσz, γu =
1√
u2 +m2
σx, γθ =
√
u2 +m2 σx (4.6)
The spin connections defined by dea = −ωab eb are
ω02 =
√
u2 +m2
u
e0, ω12 =
−u
(u2 +m2)3/2
e1, (4.7)
and finally
γµωabµΓ
ab = 2
[ −u
(u2 +m2)3/2
+
√
u2 +m2
u
]
σ2 (4.8)
Fermion on 3D background can be expressed in two component spinors
Ψ =
{
ψ1(τ, r, θ) = e
iωτ+inθf(u)
ψ2(τ, r, θ) = e
iωτ+inθg(u)
(4.9)
After substituting it into the field equation we find the following two differential equations
0 =
(√
u2 +m2 ∂u − u
2(u2 +m2)3/2
+
√
u2 +m2
2u
− n√
u2 +m2
)
g(u) +
ω
u
f(u)(4.10)
0 =
(√
u2 +m2 ∂u − u
2(u2 +m2)3/2
+
√
u2 +m2
2u
+
n√
u2 +m2
)
f(u)− ω
u
g(u)(4.11)
4.1 Zero-Mode Fermion Solution
We first consider the zero-mode solution of n = 0. The solution is
f [u] = g[u] =
(√
m2+u2+m
u
)± ω
m
4
√
u2 (m2 + u2)
(4.12)
(We will in appendix use the conformal method to quickly find above solution.) The on-shell
action calculated from above solution (positive sign is regular on horizon) is
AΨon−shell =
∫
d3x∂µ[
√
g gabΨ¯γµΨ] = 2piβ
(
u
√
u2 +m2f(u)g(u)
)
u→∞
= 2piβ (4.13)
which is near in β and does not contribute any entropy, contrasts to that in scalar field
analyzed in previous section.
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4.2 Static Fermion Solution
We next consider the static solution of ω = 0. In this case above two equations decouple and
the solutions are
f(u) = e−
u
m
tan−1( u
m
) 1√
u (m2 + u2)1/4
≈ 1
m1/2
√
u
− m
3/2n
√
u
m4
(4.14)
g(u) = e
u
m
tan−1( u
m
) 1√
u (m2 + u2)1/4
≈ 1
m1/2
√
u
+
m3/2n
√
u
m4
(4.15)
which explicitly show that the static becomes singular on horizon u = 0 and could not give
finite gravitation entropy, contrasts to that in scalar field analyzed in previous section..
4.3 Non-static Fermion Solution
Let us turn to find the the non-static solutions. The results are
f(u) =
(u− im)m−2in4m u ωm− 12 (u+ im)m+2in−4ω4m 2F1
(
ω
m ,
m−2in+2ω
2m ;
2ω
m + 1;
2u
im+u
)
√
m2 + u2 2F1
(
ω
m ,
m−2in+2ω
2m ;
2ω
m + 1; 2
) (4.16)
g(u) =
(u− im)m−2in4m u ωm− 12 (u+ im)− 7m−2in+4ω4m
m 2F˜1
(
ω
m ,
m−2in+2ω
2m ;
2ω
m + 1; 2
)
×
[
u(im+ 2n+ 2iω) 2F˜1
(
1 +
ω
m
,
ω − in
m
+
3
2
; 2 +
ω
m
;
2u
im+ u
)
(4.17)
−m(m− iu) 2F˜1
(
ω
m
,
m− 2in+ 2ω
2m
;
2ω
m
+ 1;
2u
im+ u
)]
(4.18)
where 2F1 is the hypergeometric function and 2F˜1 is the regularized hypergeometric function.
Above solution is finite on horizon and has been proper normalized.
The on-shell action calculated from above solution is
AΨon−shell =
∫
d3x∂µ[
√
g gabΨ¯γµΨ] = 2piβ
(
u
√
u2 +m2f(u)g(u)
)
u→∞
(4.19)
= 2piβ
[(im+ 2n+ 2iω) 2F˜1 (m+ωm , ω−inm + 32 ; 2(m+ω)m ; 2)
m 2F˜1
(
ω
m ,
m−2in+2ω
2m ;
2ω
m + 1; 2
) + i] (4.20)
The associated generalized gravitational entropy is
SΨ(m,n, ω) =
4pi2 2F˜1(B)(n+ iω)
m2 2F˜1(A)
+
2pi2(im+ 2n+ 2iω)
m3 2F˜1(A)
(
(ω − in) 2F˜ (0,1,0,0)1 (B) + 2ω 2F˜ (0,0,1,0)1 (B) + ω 2F˜ (1,0,0,0)1 (B)
)
−2ipi
2
2F˜1(B)(m− 2in+ 2ω)
m3 2F˜1(A)2
(
(ω − in) 2F˜ (0,1,0,0)1 (A) + 2ω 2F˜ (0,0,1,0)1 (A) + ω 2F˜ (1,0,0,0)1 (A)
)
(4.21)
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in which 2F˜1(A) = 2F˜1
(
ω
m ,
m−2in+2ω
2m ;
2ω
m + 1; 2
)
and 2F˜1(B) = 2F˜1
(
m+ω
m ,
ω−in
m +
3
2 ;
2(m+ω)
m ; 2
)
.
In figure 4 we plot the the entropy of non-static Fermion solution v.s. mode number n.
It shows that the entropy is a increasing function of mode number n and, after arriving a
maximum entropy it becomes a deceasing function and is derived to the asymptotic value,
likes as the static scalar field solution analyzed in previous section.
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Figure 4: Dependence of generalized gravitational entropy of non-static Fermion solution on
the mode number n.
The entropy of zero mode solution with n = 0 can also be evaluated from above equation
and its value is zero. Note that near the horizon the non-static solution becomes
f(u) ≈ u−12 + ωm +O
(
u
)
(4.22)
g(u) ≈ u−12 + ωm +O
(
u
)
(4.23)
which explicitly shows that the solutions of ωm ≤ 12 including the static case of ω = 0 is
divergent on horizon and could not contribute the entropy. The result consists with the
simple exact solution.
5 Maxwell Field on BTZ Spacetime
In this section we investigate the Maxwell field solution of Aφ and At respectively and discuss
the relations of the associated entropy with scalar field entropy from their duality.
5.1 Maxwell Field Aφ Solution
The conventional action of Maxwell field is
A = −1
4
∫
d3x
√
g gµλgνδ FµνFλδ (5.1)
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We choose the Coulomb gauge of At = 0 and assume that the Maxwell field is
Aµ = (0, cos(ωt) cos(nθ)Ar(u), cos(ωt) cos(nθ)Aφ(u)) (5.2)
Then, the field equation of Ar(r) gives trivial solution. Therefore the action we consider
becomes
A = −piβ
8
∫
du
[
uA′φ(u)
2 +
ω2Aφ(u)
2
u(m2 + u2)
]
= −piβ
8
∫
du
[
uAφ(u)A
′
φ(u)
]′
+
piβ
8
∫
du
[
Aφ(u)(uAφ(u))
′ − ω
2Aφ(u)
2
u(m2 + u2)
]
(5.3)
which in indepenent of mode number. The first bracket is the surface term and will contribute
to the on-shell gravitational action, which is considered later. After the variation the second
bracket gives the field equation
uA′′φ(u) +A
′
φ(u)−
ω2Aφ(u)
m2u+ u3
= 0 (5.4)
The field equation has following two solutions
A
(1)
φ (u) = u
ω
m 2F1
(
ω
2m
,
ω
2m
; 1 +
ω
m
;− u
2
m2
)
(5.5)
A
(2)
φ (u) = u
− ω
m 2F1
(
− ω
2m
,− ω
2m
; 1− ω
m
;− u
2
m2
)
(5.6)
While the second solution which being divergent on horizon is unphysical we adopt the first
solution which is zero on horizon. After normalizing the first solution by A
(1)
φ (∞) = log(u),
like as in [1], we use the following function to calculate its correction to the BTZ entropy.
Aφ(u) =
√
pi2−
ω
m
−1m−
ω
mu
ω
mΓ
(
ω
2m
)
2F1
(
ω
2m ,
ω
2m ;
ω
m + 1;− u
2
m2
)
Γ
(
m+ω
2m
) (5.7)
Substituting the solution into the on-shell gravitational action we find
logZ(β) = −piβ
2ω
(
ω log
(
m2
)
+ 2(m− ω log(u)) + 2ω
(
ψ(0)
( ω
2m
)
+ γ
))
(5.8)
It gives gravitational entropy
SA(m,ω, β) =
pi2
(
2m(m+ ω)− ω2ψ(1) ( ω2m))
m2ω
(5.9)
After multiple the frequency ω2 above result exactly matches with the half value entropy of
complex scalar field in eq.(3.8) This is because that on three dimension the Maxwell field
is dual to the real scalar field, as mentioned in our previous paper [14] in which we studied
only the case of m = ω = 1. The reason of why the Maxwell field entropy is not exactly
equal to the real scalar field entropy while it needs an extra factor of ω2 is because that
the normalization constants used between them are different. See the more discussions in
following section.
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5.2 Maxwell Field At Solution
Let us turn to another possible solution and assume that the Maxwell field is
Aµ = (cos(ωt) cos(nθ)At(r), cos(ωt) cos(nθ)Ar(r), 0) (5.10)
in which we us the coordinate r not u in order to find that exact solution. The field equation
of Ar(r) gives trivial solution and the action we will consider becomes
A = −piβ
8
∫
dr
[
rA′t(r)
2 +
n2At(r)
2
r(−m2 + r2)
]
= −piβ
8
∫
dr
[
rAt(r)A
′
t(r)
]′
+
piβ
8
∫
dr
[
At(r)(rAt(r))
′ − n
2At(r)
2
r(−m2 + r2)
]
(5.11)
which is indepenent of frequency. The first bracket is the surface term and will contribute
to the on-shell gravitational action, which is considered later. After the variation the second
bracket gives the field equation
uA′′t (r) +A
′
t(r)−
n2At(r)
−m2r + r3 = 0 (5.12)
The field equation has following two solutions
A
(1)
φ (u) = r
−in
m 2F1
(−in
2m
,
−in
2m
; 1− in
m
;
r2
m2
)
(5.13)
A
(2)
φ (u) = r
in
m 2F1
(
in
2m
,
in
2m
; 1 +
in
m
;
r2
m2
)
(5.14)
Both solutions are finite on horizon and we have to make a linear combination of them to get
a function which become zero on horizon. After normalizing the function by At(∞) = log(t),
like as in [1], and substituting it into the on-shell gravitational action we find that it gives
the following gravitational entropy
SA(m,n, β) = (nm)
−2pi2
(
4m(imn+ n2) + in3ψ(1)
[−in
2m
]
− in3ψ(1)
[
1 +
in
2m
])
≈ 2pi
2
m
+O(n2) (5.15)
Above result exactly matches with the half value entropy of complex scalar field in eq.(3.10)
after multiple the mode number n2. This reflects the fact that on three dimension the Maxwell
field is dual to the real scalar field, as mentioned before and discussed in following section.
5.3 Duality of Maxwell Field and Normalization
Previous sections have found an interesting property that, contrasts to the scalar field and
Fermion field the static solution of zero-mode Maxwell field At can give finite entropy
2pi2
m .
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We also find that the Maxwell entropy is just the half value entropy of complex scalar field
in eq.(3.10) after multiple the mode number n2 or frequency ω. The property of half value
entropy is the result of the duality between Maxwell field and real scalar field
Fµν = µνλ∂λΦ (5.16)
As mentioned before, the extra factor of mode number n2 or frequency ω in Maxwell field is
the consequence of the normalization. Then, there arises a problem : does the normalization
is natural ? To answer this problem we can study the simplest solution of zero-mode static
Maxwell solution.
Let us first try the possible static zero-mode solution
Aµ = (0, 0, Aφ(u)) (5.17)
It has general solution
Aφ(u) = C1 + C2 log(u) (5.18)
The properties of regularity and being zero on horizon lead to Aφ = 0. Thus it could not
contribute finite entropy.
So, let us turn to another possible static zero-mode solution
Aµ = (At(u), 0, 0) (5.19)
The field equation becomes
uA′′t (u) +A
′
t(u) = 0 (5.20)
and normalized solution is
At(u) =
1
2
log(u2 +m2)− 1
2
log(m2) (5.21)
Substituting the solution into the on-shell gravitational action we find
logZ(β) =
piβ
2
log(u2 +m2)− piβ
4
log(m2) (5.22)
Therefore the black hole entropy is
SA(m, 0, β) =
2pi2
m
(5.23)
which matches with eq.(5.15). Above matching is special because that in the static zero-mode
solution there is no factor of mode number n nor frequency ω which we can use to normalize
the solution. In next section we will see that above simple entropy also shows in DBI action.
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5.4 Maxwell Field in Lorentz Gauge
In this section we will study the Maxwell field in the Lorentz gauge and compare it with that
on Coulomb gauge. To proceed we consider the action
A = −1
4
∫
d3x
√
g
[
(∇µAν −∇νAµ)(∇µAν −∇νAµ)
]
= −1
2
∫
d3x
√
g
(
∇µ
[
Aν(∇µAν −∇νAµ)
]
+
1
2
∫
d3x
√
g
(
Aν∇µ
[
∇µAν −∇νAµ
])
= −1
2
∫
d3x
√
g
(
∇µ
[
Aν(∇µAν −∇νAµ)
]
+
1
2
∫
d3x
√
g Aµ
(
∇2 δµν −Rµν −∇µ∇ν
)
Aν
(5.24)
in which ∇µAν ≡ ∂µAν − ΓλµνAλ and [Dµ, Dν ]Aλ = RcµνλAc. The first bracket is the surface
term and will contribute to the on-shell gravitational action, which is considered later. After
the variation the second bracket gives the field equation.
Therefore, in the Lorentz gauge, ∇νAν = 0, the field equation becomes
(∇2 δµν −Rµν )Aν = 0 (5.25)
in which Rµν = Diagonal(−2,−2,−2).
To proceed, we can choose the Maxwell as before and see that it automatically satisfies
the Lorentz gauge. In this case the associated field equation is exactly that in Coulomb
gauge. Substituting the solution into the above on-shell gravitational action we get the same
entropy as that in Coulomb gauge. We thus conclude that the generalized black hole entropy
calculated in Coulomb gauge is same as that calculated in Lorentz gauge.
6 DBI on BTZ Spacetime
6.1 Classical Solution of DBI on BTZ spacetime and Entropy
We now study the back-reaction effect on BTZ black hole by D branes, which is described by
DBI action [18]. In order to find the exact solution we will consider the case with simplest
EM field
Aµ = (At(u), 0, 0) (6.1)
Then, DBI action becomes
A =
∫
d3x
√
g
[ 1
pi2α′2
(√
gµν + 2piα′Fµν −√gµν
)]
(6.2)
=
1
pi2α′2
piβ
∫ ∞
0
du
(
− u+
√
u2 + 4pi2α′2(m2 + u2)A′t(u)2
)
(6.3)
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and the associated conjugate momentum Π is an integration constant which has a simple
relation
Π =
1
pi2α′2
4pi2(m2 + u2)α′2A′t(u)√
u2 + 4pi2α′2(m2 + u2)A′t(u)2
(6.4)
It gives solution
At(u) = c1 +
Π log
(
4α′
(√
pi2α′2 (m2 + u2)−Π2 + 2piα′√m2 + u2
))
4pi2α′2
(6.5)
where c1 is another integration constant. As before, by requiring that the solution Aφ(u) is
zero on horizon and becomes At(∞) = log(u) it is found that
Π = 4pi2α2 (6.6)
Substituting it into the Lagrangian the on-shell gravitation action is
logZ(β)DBI =
1
pi2α′2
[m
4
(
m−
√
m2 − 4pi2α′2
)
− pi2α′2 log
(m+√m2 − 4pi2α′2
2u
)]
(6.7)
While there are divergent terms (r → ∞), which should be subtracted [1], they will do not
contribute to the entropy and the associated black hole entropy becomes
SDBI(β) = −∂β logZ(β)DBI + logZ(β)DBI
=
2m
α′2
(
−2 + 2m
√
1
m2 − 4pi2α′2
)
≈ pi
2
m
+
3pi4α′2
m3
+
10pi6α′4
m5
+O(α′6) (6.8)
We thus find that the leading term is just the zero-mode entropy, (eq.5.23), found in previous
section of Maxwell field theory. This is consistent with the property that the leading order of
DBI action is just the Maxwell field. Note that the correction entropy form DBI is positive
and is a decreasing function with respective to m, like as that in Maxwell case. However,
if m → piα′ then the correction is divergent, as show in figure 5. The divergence shall not
be shown in physics because that the back-reaction about the BTZ space is small in prior
assumption.
2pa¢ 2 4 6 8 10
m0
5
10
15
DBI -Entropy
Figure 5: Dependence of DBI entropy on m in unit of 2piα′ = 1.
16
6.2 Classical Solution of DBI on BTZ spacetime and Area Law
In this section we follow [1] to explicitly check that the classical solution which gives the black
hole entropy precisely corrects the black hole area law. While the original paper [1] checked
the case of scalar field theory and our previous paper [14] checked the case of Maxwell field,
we will now check the backreaction of the DBI field on the BTZ metric.
The action is
−A =
∫
d3x
√
g
[
R− Λ− 1
pi2α′2
(√
gµν + 2piα′Fµν −√gµν
)]
(6.9)
with Λ = 2. The Einstein equation is
Gµν ≡ Rµν − gµν
2
(
R− 2
)
= 8piG Tµν (6.10)
Consider the case in coordinate (t, u, φ). After the ansatz that Aµ = (At(u), 0, 0) the stress
tensors become
T uu =
u2
2
√
u2 + 4pi2α′2A′t(u)2(u2 +m2)
(6.11)
T φφ =
1
2
√
u2 + 4pi2α′2A′t(u)2(u2 +m2) (6.12)
To proceed we see that the backreaction of DBI field will modify the BTZ metric, which can
be written as [1]
ds2 = u2dt2 +
du2
u2 +m2 + g(u)
+ (u2 +m2)(1 + v(u))dφ2 (6.13)
To the leading of perturbation (small g(u), v(u))
Guu =
g′(u)
2u
(6.14)
Gφφ =
g(u)
u2 +m2
+
(u2 +m2)v′(u)
2u
(6.15)
Now, using the Einstein equations we can find that
v′(u) =
( g(u)
u2 +m2
)′
+ 8piG
u ∂uA
′
t(u))
2√
u2 + 4pi2α′2A′t(u)2(u2 +m2)
(6.16)
To proceed we can use following two properties to perform the integration to find the function
v(u) :
(i) Using the property that g(0) = 0 due to the regularity condition for the metric at the
origin and g(r)/r2 → 0 at infinity we can get ride of g(u) (which is a total derivative) in
integration [1].
(ii) We had derived in section 6.1 that
Π = 4pi2α′2 =
4pi2α′2
(
m2 + u2
)
At′(u)√
u2 + 4pi2α′2 (m2 + u2)At′(u)2
(6.17)
A′t(u) =
2piα′2u√
α′4 (m2 + u2) (u2 − 4pi2α′2 +m2) (6.18)
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Therefore
v(0) = 4piG
∫ ∞
0
du
4pi2α2u2
(m2 + u2)
√
(m2 + u2) ((m2 + u2)− 4pi2α2) (6.19)
= 4piG
−4pi2α2K
(
1− 4pi2α2
m2
)
+m2E
(
1− 4pi2α2
m2
)
−m√m2 − 4pi2α2E
(
m2
m2−4pi2α2
)
α2m
(6.20)
where E and K are the Elliptic functions. Using the black hole area law formula
SDBI =
1
4G
AH = 1
4G
· 2pi ·m ·
(
1 + v(0)
)
= S
(0)
H + δSH (6.21)
we finally find that
δSH =
1
4G
· 2pim v(0) ≈ pi
2
m
+
pi4α′2
2m3
+
3pi6α′4
4m5
+O(α′6) (6.22)
Thus the leading order expansion of δST precisely gives the exact value calculated in previous
section. However, the higher orders do not match. This is because that in our approach the
backreaction of DBI field shall be weak [1] and perturbation of metric v(u) is samll. Thus, the
result is reliable only in the case of small gravitation entropy, which is the case of leading order
approximation. Note that like as SDBI the correction δSH is also divergent as m→ 2piα′.
7 Conclusions
In this paper we extend the calculations of the generalized gravitational entropy proposed in
recent by Lewkowycz and Maldacena [1] to the systems of Boson fields, Fermion fields and
Maxwell fields which have arbitrary frequency and mode numbers on the BTZ spacetime.
We find the associated regular wave solution in each case and use it to calculate the exact
gravitational entropy. The results show that there is a threshold frequency below which the
Fermion fields could not contribute the generalized gravitational entropy. Also, the static
and zero-mode solutions have no entropy, contrast to that in scalar fields. We also found
that the entropy of the static scalar fields and non-static fermions is an increasing function of
mode numbers and, after it arrive a maximum entropy it becomes a deceasing function and is
derived to the asymptotic value. We calculate the entropy of the Maxwell fields and use the
duality between EM and scalar fields to explain its result. We also study the back-reaction by
D branes, which are described by DBI action, and explicitly check that the classical solution
which gives the black hole entropy precisely corrects the black hole area law.
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8 Appendix : Fermion Solution from Conformal Transforma-
tion
We will apply the method in [19,20,21] to find the Fermion solution in BTZ spacetime to
check our solution in section 4. Consider the direct product space
gµνdx
µdxν = gab(x)dx
adxa + gmn(y)dy
mdyn (8.1)
then the Dirac equation can be seperated by
γµDµψ = (γ
aDa + γ
nDn)Ψ (8.2)
The relevant quantities under conformal transformations in 3 dimension are
gµν = Ω
2g˜µν , Ψ = Ω
−1Ψ˜, DµΨ = Ω−2D˜µΨ˜ (8.3)
Therefore the conformal transformations on BTZ spacetime are
ds23 = −A(r)2dt2 +B2(r)dr2 + r2dφ2 = A(r)2[−dt2 +
B2
A2
dr2 +
r2
A2
dφ2] (8.4)
Ψ = A−1Ψ˜ (8.5)
DµΨ = A
−2D˜µΨ˜ = A−2(∂t + D˜µ,2D)Ψ˜ (8.6)
We can furthermore expressed D˜µ,2D in conformal transformation relation, i.e.
ds˜22 =
B2
A2
dr2 +
r2
A2
dφ2 =
r2
A2
[B2
C2
dr2 + dφ2
]
(8.7)
Ψ˜ =
( r
A
)− 1
2 ˜˜Ψ (8.8)
D˜µ,2DΨ˜ =
( r
A
)− 3
2 ˜˜Dµ,2D
˜˜Ψ =
( r
A
)− 3
2
[
˜˜Dr + ∂φ
]
˜˜Ψ (8.9)
Therefore
Ψ =
1
r
1
2
√
A
˜˜Ψ (8.10)
DµΨ =
1
r
1
2A
√
A
[
∂t
˜˜Ψ +
A
r
˜˜Dr
˜˜Ψ +
λA
r
˜˜Ψ
]
, with ∂φ
˜˜Ψ = λ ˜˜Ψ (8.11)
which implies
0 = γµDµΨ =
1
C
1
2A
√
A
(
γ0∂t + γ
r∂y +
λA
r
)
˜˜Ψ, with dy =
B
A
dr (8.12)
If the time part solution is e−iωt then
(∂2y − ω2) ˜˜Ψ =
(λA
r
)2 ˜˜Ψ (8.13)
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For the zero mode λ = 0 we can easily find the following solution
y =
1
2m
(
ln
r −m
r +m
)
(8.14)
˜˜Ψ = e±ωy =
( r +m√
r2 −m2
)± ω
M
(8.15)
Ψ =
1√
r
√
r2 −m2
( r +m√
r2 −m2
)± ω
m
(8.16)
Changing to the coordinate variable r =
√
u2 +m2 then
Ψ =
1√
u
√
u2 +m2
(√u2 +m2 +m
u
)± ω
m
(8.17)
which is just eq.(4.12) describing the zero-mode solution of fermion fields on BTZ spacetime.
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